The acoustic response of a rigid frame porous slab with a periodic set of inclusions is calculated by use of a multipole method. The acoustic properties, in particular the absorption, of such a structure are then derived and studied. Numerical results together with a modal analysis show that the addition of a periodic set of high-contrast inclusions leads to quasi-modes excitation of both the slab and the gratings, and to a large increase of the acoustic absorption of the initial slab, this being partly due to the quasi-modes excitation.
Introduction
This work was initially motivated by the design problem connected with the determination of the optimal profile of a continuous and/or discontinuous spatial distribution of the material/geometric properties of porous materials for the absorption of sound. The equations that model the acoustic wave propagation in a macroscopically inhomogeneous rigid frame porous medium were derived in [10] . Acoustic properties of porous materials (foam) suffer from a lack of absorption particularly at low frequency. The usual way to solve this problem is by multi-layering [26] .
In [24] , the authors considered the reflection of a plane acoustic wave by a porous slab that presents a periodic set of pits. The medium is homogenized and its behavior is described in [5] . This leads to a drastic increase of the absorption coeficient at low frequency. In [27] the authors considered the transmission of an acoustic wave through a porous medium in which randomlyarranged metallic rods are imbedded, converted, by a procedure called ISAβ, into an equivalent homogeneous medium which exhibits decreased transmission and increased absorption.
Periodic arrangements of either surface irregularities or volume heterogeneities usually lead to energy entrapment either at the surface or inside the structure, respectively, this being strongly linked to mode excitation, and to an increase of the absorption coefficient (first noticed by Wood [31] and partially explained by Cutler [7] ). The particular properties of such structures have been studied in mechanics, with application to composite materials [6, 17, 32] , in optics, initially motivated by the collection of solar energy [8, 18] , with applications to photonic crystals [19, 33] , in electromagnetics, with application to so-called left-handed materials [28] , in geophysics, for the study of the "city-site" effect [3, 14] . The properties of such structures are now studied to create band-gaps for elastic or acoustic waves (phononic crystals [22, 23, 30] ), but have only recently been used for the design of sound absorbing or porous materials [9, 21, 25] .
Herein, we study the influence on the acoustic absorption of the introduction of a periodic set of fluid-like circular cylinders into a macroscopically-homogeneous porous slab (the porosity being homogenized in the equivalent fluid model).
Formulation of the problem
Both the incident plane acoustic wave and the slab are assumed to be invariant with respect to the Cartesian coordinate x 3 . A sagittal x 1 −x 2 plane view of the 2D scattering problem is given in Fig.  1 . Before the introduction of the cylindrical inclusions, the slab is made of a porous material (e.g., a foam) which is modeled (by homogenization) as a (macroscopically-homogeneous) equivalent fluid M 1 . Another equivalent fluid medium M 2 occupies each cylindrical inclusion. In the sagittal plane, the jth cylinder is the circular disk Ω 2 (j) . The host medium M 0 occupying the two half spaces Ω 0 ± is air. Thus, we are dealing with a macroscopically-inhomogeneous slab, the heterogeneity being periodic in the x 1 direction with period d.
The upper and lower flat, mutually-parallel boundaries of the slab are Γ a and Γ b . The x 2 coordinates of these lines are a and b, the thickness h of the slab being h = a − b. The circular boundary of Ω 2 (j) is Γ (j) . The center of the j = 0 disc is at the origin O of the laboratory system Ox 1 x 2 x 3 . The union of Ω 0 + and Ω 0 − is denoted by Ω 0 .
The wavevector k i of the incident plane wave lies in the sagittal plane and the angle of incidence is θ i measured counterclockwise from the positive x 1 axis.
Wave equations
We designate a total pressure and wavenumber by the generic symbols p and k respectively, with
Rather than solving directly for the pressure p(x, t) (with x = (x 1 , x 2 )), we prefer to deal with p(x, ω), related to p(x, t) by the Fourier transform:
Henceforth, we drop the ω in p(x, ω) so as to designate the latter by p(x). This function satisfies the Helmholtz equations
In an equivalent fluid medium [10] , the compressibility and density take the form
where
is the Biot's frequency cut, γ the specific heat ratio, P 0 the atmospheric pressure, Pr the Prandtl number, ρ f the density of the fluid in the (interconnected) pores, φ the porosity, α ∞ the tortuosity, and σ the flow resistivity. The correction functions G(Pr 2 ω) [2] , F (ω) [20] are given by
where η is the viscosity of the fluid, Λ ′ the thermal characteristic length, and Λ the viscous characteristic length. The incident wave propagates in Ω 0 + and is expressed by
is the signal spectrum. The new feature, with respect to the canonical case considered in [12] , is the transverse periodicity of ∪ j∈Z Ω 2 (j) .
Owing to the plane wave nature of the incident wave, and the periodic nature of ∪ j∈Z Ω 2 (j) , one can show that the field is quasi-periodic (Floquet theorem), i.e.,
Consequently, it suffices to examine the field in the central cell of the slab which includes the disk Ω 2 (0) in order to obtain the fields, via the Floquet relation, in the other cells. Henceforth, we adopt the simplified notation:
Boundary and radiation conditions
Since M 0 and M 1 are fluid-like, the pressure and the normal velocity are continuous across the interfaces Γ a and Γ b :
wherein n denotes the generic unit vector normal to a boundary and ∂ n designates the operator ∂ n = n · ∇. Since M 1 and M 2 are fluid-like, the pressure and normal velocity are continuous across the interface Γ:
The uniqueness of the solution to the forward-scattering problem is assured by the radiation conditions :
Field representations
Separation of variables, the radiation conditions, and the Floquet theorem lead to the representations:
The field in the central inclusion, with [r = (r, θ)], takes the form
wherein J l is the l-th order Bessel function. It is convenient to combine Cartesian coordinates (x 1 , x 2 ) and cylindrical coordinates (r, θ) to write the field representation in Ω 1 . The latter takes the form of the sum (by use of the superposition principe) of the diffracted field by the inclusions p 1 d (x) and of the diffracted field in the slab p 1 s (x).
Because of the quasi-periodic aspect of the configuration, the diffracted field in the slab can be written in Cartesian coordinates as:
We transform Cartesian to polar coordinates by means of:
so that p 
Use of the identity e ik 1 r cos(θ−θp) =
wherein J − mp = i m e imθp and J + mp = i m e −imθp . Let us now introduce: i) (r j (P ), θ j (P )), the polar coordinates of a point P in the system linked to the jth cylinder whose center is at the origin O j , and ii) (r j l , θ j l ) the polar coordinates of the origin O j in the polar coordinate system linked to the lth cylinder.
In the general case, the field diffracted by the inclusion appears as the sum of the fields diffracted by all the inclusions:
wherein H (1) m is the first-kind Hankel function of order m. Using Graf's formula [1] for the Hankel function leads to
In the case of gratings, r
, and the quasiperiodicity implies that the multipole expansion coefficients relative to the jth cylinder of the grating are given by
The field expansion in the vicinity of the central cylinder then takes the following form (in agreement with [29] ):
. (25) with
To derive an alternative form of (25) in Cartesian coordinates, it is more convenient to start from Green's theorem
wherein G is the Green's function
or, with [r s = (r s , θ s )] and for R ≤ x 2
so that with the help of identity (21), we are led to
with
wherein we have used the fact that
Proceeding in the same way for −R ≥ x 2 gives:
The field diffracted by the inclusion is expressed in Cartesian coordinates by
where the signs + and − correspond to x 2 > R and x 2 < R respectively, and
with θ p such that k 1 e iθp = k 1p + ik 1 2p , [4, 29] .
Application of the continuity conditions
Here we consider only the equations of continuity across the interfaces Γ a and Γ b . The continuity conditions across Γ will be treated in section 7.
6.1 Continuity of the pressure field across Γ a From (7) we obtain
Introducing the appropriate field representations therein and making use of the orthogonality relation
gives rise to
6.2 Continuity of the normal component of the velocity across Γ a From (8) we obtain
Introducing the appropriate field representation therein, and making use of the orthogonality relation (36), gives rise to
Continuity of the pressure field across Γ b
From (9) we obtain
6.4 Continuity of the normal component of the velocity across Γ b
From (10) we obtain
Introducing the appropriate field representation therein, and making use of the orthogonality relation (36), gives rise to 
wherein
To proceed further, we need to convert the cartesian form to the cylindrical harmonic form:
Central to the multipole method are the local field expansions or multipole expansions around each inclusion [4, 11, 29] . Because p 1 (r) satisfies a Helmholtz equation inside and outside the cylinder of the unit cell, in the vicinity of the cylinder we can write
By identifying (46) with (48), we find
At this point, we account for the two equations (12) and (13) . It is well-known that the coefficients of the scattered field and those of the locally incident field are linked by a matrix relation depending on the parameters of the cylinder only, i.e.,
wherein γ j = k j ρ j . Denoting B the infinite column matrix of components B l , (49) together with (50) may be written in the matrix form
with F the column matrix of mth element Remark: In case of a Neumann type boundary condition, the relation (50) takes the form
8 Evaluation of the transmitted and reflected fields
Once (51) is solved for B l , ∀l ∈ Z, we can derive, from (37) and (41), expressions for R p and T p depending on B l , ∀l ∈ Z, which, after introduction into (15) , leads to the expression of the pressure field in Ω 0 + :
and, after introduction into (16), leads to
9 Evaluation of pressure field in the slab
We obtain from (44) the final expression of the field in Ω 1 :
Use of the continuity conditions on Γ leads to:
Remark : The fields in Ω j , j = 0 + , 1, 0 − are the sum of i) the field in absence of the inclusions (whose expressions are the same as those in [12] ) with ii) the field due to the presence of the inclusions.
Remark : The field due to the presence of the inclusions, when compared with the Green's function as calculated in [12] in the case of a line source located in the slab, takes the form of the field radiated by induced periodic sources. The latter do not add energy to the system, but rather entail a redistribution of the energy in the frequency range of the solicitation.
Modal analysis

Modal analysis without inclusions
In the absence of inclusions, the resolution of the problem reduces to:
The natural frequencies modes of the configuration are obtained by turning off the excitation. The resulting matrix equation possesses a non-trivial solution only if the determinant of the matrix vanishes, i.e. : To solve the latter, we proceed as in [13] . The dispersion relation cannot vanish when the incident wave takes the form of a plane wave, because we must have
in case of a incident plane wave.
Modal analysis with inclusions
For the slab with periodic inclusions, the problem reduces to the resolution of the linear system (51). As previously, the natural frequencies of the modes of the configuration are obtained by turning off the excitation, embodied in the vector RF. The resulting equation possesses a non-trivial solution only if the determinant of the matrix vanishes:
A procedure, called the partition method, for solving this equation, is not easy to apply because the off-diagonal elements of the matrix are not small compared to the diagonal elements. Even at low frequency (i.e. ℜ(k 1 )R < < 1),
, at least three terms should be taken into account. An iterative scheme can be employed to solve (51) and obtain an approximate dispersion rela-tion. We re-write this equation in the form
The iterative procedure for solving this linear set of equations is:
from which it becomes apparent that the solution of B (n) l , to any order of approximation, is expressed as a fraction, the denominator of which (not depending on the order of approximation), can become large for certain couples (k 1p , ω) so as to make B (n) l , and (possibly) the field large for these values.
When this happens, a natural mode of the configuration, comprising the inclusions and the slab, is excited, this taking the form of a resonance with respect to B (n) l , i.e. with respect to a plane wave component of the field in the slab relative to the inclusions. As B (n) l is related to f
, T p and R p , the structural resonance manifests itself for the same (k 1p , ω) as concerns the field in the slab and in the air.
The latter equation is the sum of a term linked to the grating embodied in 1 − R l S 0 with a term linked to the slab embodied in −R l p∈Z (Q llp − P llp ). This can be interpreted as a perturbation of the dispersion relation of the gratings by the presence of the slab.
Numerical results
The 
On the other hand, the infinite sum p∈Z over the indices of the k 1p is found to depend on the frequency and on the period of the grating. We also use an empirical rule we have determined by performing a large number of numerical experiments P p=−P such that
In the latter equations int (a) represents the integer part of a. The developed form of the conservation of energy relation takes the form of
with A, R and T the absorption, hemispherical reflection and hemispherical transmission coeffi-cients respectively, defined by
whereinp is such that k The reflection coefficients are almost the same when compared with those as calculated in absence of inclusions except for closed inclusions of type 3. The increase of the absorption coefficient is also due to the decrease of the transmission coefficient, as was previously noticed in [27] . In all the cases, the larger is the spatial period, the closer the coefficients are to those of the case of a homogeneous slab. 
Discussion
The addition of weak contrast inclusions (i.e. type 1 and type 2) leads to an absorption spectrum whose shape is close to that of a macroscopically-homogeneous slab. We also deal with an effective homogeneous porous slab, whose absorption coefficient is lower when the inclusions are filled with the air medium and larger when the inclusions are filled with an other, more absorptive, fluid-like porous medium. For fluid-like porous inclusions, the slope of the absorption coefficient is nearly the same as it is for the macroscopically-homogeneous slab, while for air inclusions (holes) the slope is larger. That is why at low frequency the absorption coefficient is lower than the one as calculated for the homogeneous slab and becomes larger for a higher frequency.
The addition of high-contrast inclusions (i.e. type 3) leads to an absorption spectrum that is, on the average, larger than for the macroscopically-homogeneous slab, and which presents some additional peaks. The slope of the absorption spectrum is closer to that of the the macroscopicallyhomogeneous slab. Each peak leads to a supplementary increase of the absorption of the configu-ration. The absorption can be multiplied by a factor of three at the location of some of these peaks when compared with the one of the macroscopically-homogeneous slab. Two types of peaks are distinguished. Each of them appears periodically for a specific period of the inclusions and can be associated with mode excitation of the whole configuration.
Two peaks stand out for all center-to-center distances at the same frequencies near ν = 65kHz, ν = 133kHz. This corresponds to the excitation of quasi-mode 2 and 3 of the initial slab . A quasi-mode is a mode of the global configuration whose structure is close to the one of a mode of a sub-structure it is composed of. Quasi-mode 1 occurs for a frequency too low for it to be seen, and quasi-mode 3 is largely attenuated. The excitation of the quasi-mode of the slab is made possible by the spatial periodicity of the configuration.
In the absence of the inclusions, the modes of a homogeneous slab filled with a fluid-like porous medium cannot be excited by an incident plane wave propagating in the air [15] . If det(E) = 0 denotes a generic dispersion relation, then we can say that det(E) is close to zero (vanishes in absence of dissipation) only for an evanescent wave in the air medium, which cannot be excited by an incident plane bulk wave.
The spatially-periodic configuration leads to a field representation, through the Floquet theorem, that includes evanescent waves the air medium. Another explanation of the quasi-mode excitation relies on the fact that each inclusion acts as an induced cylindrical source. The response of an active cylindrical source radiating in the neighborhood of a homogeneous slab (see [12] ) enables a mode of this slab to be excited because some of the waves radiated by the source are evanescent and have the same structure (at resonance) as that of the evanescent wave associated with the mode.
The other peaks appear in a periodic manner beyond the peak relative to the quasi-mode of the slab. Their periodicity is inversely proportional to the spatial periodicity d of the grating. This phenomena was already encountered in [14] and was attributed to a periodization of the quasi-mode due to the primitive reciprocal lattice vector k 1 = 2π d i 1 . This periodization is strongly associated with the excitation of quasi Cutler-modes.
The increase of the absorption is also due to an average (global) increase which does not take the form of additional peaks. This global increase can be explained by multipathing between each inclusion and/or by excitation of evanescent waves in the slab, thanks to the existence of the grating.
Addition of high contrast inclusions also leads to an increase of the absorption of the slab, largely associated with a decrease of the transmission coefficient. This is mainly due to mode excitation of the whole configuration, whose structure consists of evanescent waves in the air medium (and in the slab), thus leading to an entrapment of the energy in the slab. The latter is dissipated by thermal and viscous effects.
In all the cases, the closer the inclusions are, and/or the larger are their radii, the larger is the absorption.
Conclusion
We show that high-contrast, periodically-arranged, inclusions in a porous slab induce an increase of the absorption coefficient, mainly associated with a decrease of the transmission coefficient over a large frequency range, and in particular, at low frequencies (although higher than ∼ 20kHz). This effect is due to mode excitation of the slab through excitation of the quasi-mode of the initial slab (enabled) by the periodic inclusions, and to excitation of grating modes via multipathing between the inclusions.
This increase of absorption is most noticeable for rigid frame porous inclusions in a large portion of the frequency range, and is less pronounced for air inclusions.
The reflection coefficients are found to be of the same order as those in the absence of inclusions for low-contrast inclusions, and to be higher than those in the absence of inclusions for high contrast inclusions. The way of reducing the reflection is by acting on the surface geometry of the slab. A first approach can consist in the addition of a homogenized layer of double porosity [24] . 
